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Abstract 


In the present paper entitled “On KH-Structure Manifold”, section -1 is 
introductory in which we have given the definition of an m-dimensional 
GF-structure manifold. Section first is introductory in which we have 
given the definition of an m-dimensional GF-structure Manifold endowed 
with a Riemannian Metric G having skew- symmetric properties, its 
submanifold M which is of n -dimensional and induced Riemannian 
Metric. Definitions of invariant and anti-invariant submanifolds are 
given. In the second section we have studied some properties of KH- 
structure Manifold. Third Section deals with the study of submanifold M to 
be invariant hyper surface and then the structure contained in the 
submanifold M when is tangent to M, as Generalized almost Contact 
Metric. Certain conditions are derived when M is non-invariant hyper 
surface. In the last section it has been shown that for submanifold M to be 
invariant the induced structure of is a GF-structure. Some other useful 
results and theorems regarding M to be totally Geodesic have been 
obtained. 


1 . INTRODUCTION 


Let us consider an m- dimensional differentiable manifold M .Let there exist in M a vector 
valued linear function F such that 
(1.1) F 2 X = a 2 X , 
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For an arbitrary vector field X in M and any complex number 'a' . Then F gives to M a 
GF-Structure [1] and the manifold is known as GF- Structure manifold . Let this 
structure be endowed with a Riemannian Metric G such that 


(1.2) G(FX ,FY) = -a 2 G(X ,Y) , 

For arbitrary vector fields X , Y in M . Then M is called an H- Structure manifold [1]. 

In a H- structure manifold M , We have 

(1.3) G(FX,Y) = —G(X,FY) 

that is 0 is a Skew Symmetric , where 

(1.4) 0(X,Y) = G(FX,Y). 

Let M be n -dimensional manifold immersed in M and B is the differential of the 

immersion b of M into M. The induced Riemannian metric g of M is given by 

(1.5) G(BX,BY)=g(X,Y) ,X,Y E X (M) 

Where X (M) is the Lie Algebra of vector fields on M. We denote by T P (M) the tangent 
space of M at p e M and by T P (M 1 ) the normal space of Mat p. 

Let ( N ± , N 2 N s ) be an orthonormal basis of the normal space T P (M 1 ) at the point 

pf M . 


Definition (1.1) : If FT P (M) c T P (M ) for any point pe M then M is called an 

invariant submanifold. If FT P (M) c T P (M 1 ) for any point p. then M is called an 
anti-invariant submanifold. 

The transform FBX of X e T P (M) by F and FN t of F can be respectively 
written in the form 


(1.6) FBX = BfX + 2f=iUi (X)Nt , 

(1.7) FNi = BUt + T. S j=i^ij Nt ,Xe x (M) , 

Where, u t ,Ui and are respectively a linear transformation, 1- form , vector fields 
and functions on M. Using eq. (1.5) and (1.6) 

g (fX ,Y) = G( BfX, BY) = G(FBX , BY) 

= -G(BX.FBY) = —G{BX,BfY). 

Therefore, we have 


g(fX,Y) = -g(X,fY) 


Further, from G(FBX, N t ) = -G(BX , FNf) and 

G(FN i ,N j ) = -G (Ni.FNj) 

We can respectively get the eqs. 

Ui (X) =g(X,Ui) , Xe X (M) , 
hi =hi ’ 

Lemma (1.1) : In sub manifold M of a GF- structure Manifold M , we have 
F 2 X = a 2 X - £? =1 Ui (. X)Ui , Or 

F 2 = a 2 I — Hf =1 u £ ® U t , 



f 
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(1.8) mifX) +Y,UhjUj (X) = 0 ,Xex(M) , 

(1.9) fu t + Ej = iAyUj = 0, 

(1.10) u j (U l ) = a 2 8 i j- ZUiljkhi- 

Proof: From the eq. (1.6) , we have 

F 2 BX = F(BfX + Si u t (X)NJ = B(f 2 X + Si u t (X)U t ) + Sy {uj ( fX ) + 

Hi hj u i(X)}Nj . 

Since F 2 BX = a 2 BX , we get eqs. (1.8) and (1.9) 

Similarly, 

F 2 Ni = B{fU t + Sy hj Uj ) + Y. k {u k (l/ f ) + Sy hj • 

Thus we get eqs. (1.10) and (1.11). 

Using eq. (1.6) for X , Y 6 *(M) 

G(fBX ,FBY) = G(BfX,BfY) + S (Hi u t (X)N t ,Sy Uj (F)iVy) 

= g(fX,fY)+Z i u i (X)u i (Y), 

From which, we get 

( 1 . 11 ) g(fX,fY) = —a 2 g(X , Y) - S? =1 i*i (JQuiOO . 



2 GF-STRUCTURE MANIFOLD 


Let us denote the covariant differentiation in M by D and the covariant differentiation in 
M determined by the induced metric on M by D , then the Gauss and Weigarten equations 
are given by [3], 

(2.1) D bx BY = BD x Y+ S?=i hi(X,F)lVi,X, Ye *(M). 

(2.2) D BX Ni = -BH t X + Sy=i Fij (X)Nj , 

Where (i= 1,2,. . .s) are the second fundamental tensor corresponding to N t respectively 
and 

h i (X,Y) = h i (Y,X) 

Differentiating co variantly the relation G(BX,N{) = 0 on M, 

G( D bx BY, NO + G (BY, D BX Ni) = 0 , 

From which h t (X, Y) = g (Fl t X , Y) . 

Similarly, covariantly differentiating G(N t iVy) = 5jy on , 

We have g tj (X) + g n (X) = 0 
Next, we consider 

(D bx F)BY= D b _ x FBY-FD bx BY 

= D BX (BfY + T li u i (Y)N i ) - F(BD X Y + S^aWi) 

= { B(D x f)Y - Si u t (Y)H t X - Si ^ (X, Y)U{\ + S i{h t (X fY) + 

( D x ut)(y ) - Sy hiy W«y (10 " Hy hj (X , Y)N t 

When M is a KH- Structure manifold , that is DF = 0, [2], We have 

Lemma 2.1. If M is a KH- structure manifold , then the next equation hold good: 

(2.3) (D x f)Y = S i {u i (Y)H i X+ h^Y)^} , 
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(2.4) h L (X,fY) + C D x uO(Y ) - Ey Vij (X)Uj(Y) - Ey hj W ,Y) = 0. 

Similarly, 

( D bx F)N = D BX (FNt ) - F D BX Nt 

= D BX (BUi + Ey hj Nj ) - F(-BH t X + Ey Ihy (*)JV y ) 

= B{D x U i + fH t X- Ey thy (Wy - Ey hj HjX + {Ey hj (X, U t ) + 
hi{X, Uj ) + D x hj_+ l. k X ik H*y(X) + Efc V Hw (X)}iVi = 0 
Lemma 2.2 : If M is a KH- structure manifold, then the next equations, hold good: 

(2.5) /Hj X + D x Ut - Ey Ihy (Wy - Ey Ay HjX = 0 , 

(2.6) hj {X,U t ) + h i (X, Uj ) + D x hj + E fe p kj (X) + E fc A ;k (X) = 0 

Calculating ( D x u{)(Y ), 

(DjruOOO = D x { Ui (r)} - u f (D x r) 

= D x { 5 (y,i/ i )}- < g(D x F,i/ i ) 

= g(D x U u Y). 

Hence equations. (2.4) and (2.5) are equivalent. 



3 HYPERSURFACES OF GF-STRUCTURE MANIFOLD 


Let us suppose that M is a hyper surface immersed in a Gf-structure manifold M. In this 
case equations (1.6) and (1.7) are respectively written in the following forms: 

(3.1) FBX = BfX + u(X)N, 

(3.2) FN = BU + AN , 

Where N = N lt u = u lt U = U 1 , A = X xl and u(X) = g(X ,U ). 

From lemma (1.1) , we have 
f 2 = a 2 1 — u®U, 

(3.4) fU = -XU , 

(3.5) u(U ) = a 2 — X 2 , 0 < X 2 < a 2 . 

The Gauss and Weingarten equations are respectively given by 

(3.6) D bx BY = BD x Y + h{ X, Y)N , 

(3.7) D bx N = -BHX, 

Where h = h 1 ,H = H t and h( X, Y) = g(HX , Y). 

When M is a KH- structure manifold from Lemma 2.1 and 2.2 , we have 

(3.8) ( D x f)Y = u(Y)HX + h( X, Y)U, 

(3.9) h(X,fY ) + ( D x u)(Y ) - Xh(X,Y) = 0 or 
fHX + D X U - XHX = 0, 

(3.10) 2h(X , U) + D x X = 0, 

When X 2 = a 2 ,U is a zero vector . 

Consequently M is an invariant hypersurface and f 2 = a 2 1 . 

Furthermore, we get FN = XN . Thus we have 

Theorem 3.1. In order that M is an invariant hypersurface of GF- structure manifold M , 
it is necessary and sufficient that the normal of M is an Eigen vector of the matrixF. 
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Theorem 3.2. In order that M is an invariant hypersurface of a GF- structure manifold M 
, it is necessary and sufficient that the induced structure ( f ,g ) of M is a GF-structure 
excepting the case where F is trivial. 

Proof. If f 2 = a 2 I , we have u(X)U = 0. 

Therefore we get u(X)g(U,X ) = u(X)U(X) = u(X) 2 = 0 . 

That is u(X) = 0. Hence M is invariant . When A = 0 , the following equations hold 
f 2 = a 2 I-u ® U,u(U) = a 2 , u(X) = g(X, U), g(fXJY) = - a 2 g{X,Y ) - 
u{X)u(Y) 

Thus we get the following theorem. 

(i) D x f = 0 . 

(ii) M is totally geodesic. 

(iii) U is parallel in M . 

Proof : (i) when D x f = 0 , We get from the eq (3.8) 

u(Y)HX + h(X,Y)U = 0 From which 
u(Y)HX = —h(X, Y)U 
Therefore for X ,Y ,Z e j(M). 

u(Y)h(X,Y) = -u(Z)h(X,Y). 
thus since u(Y)h(Y,Z ) is symmetric in X and Y, 

By virtue of u(U) = a 2 — A 2 ^ 0, we get h(X, Z) = 0, that is M is totally Geodesic. 

Further from the equation (3.9), we have D X U = 0. 

u(Y)h(X,Z) = u(X)h(Y,Z ) = - u{Z)h(X,Y ) 

When h(X, Y) = 0 from the equations (3.8) and (3.9), we have D x f = 0, D X U = 0. 

(ii) When D X U = 0 from the equation (3.9) , we have fHX = AHX. Therefore 
f 2 HX = AfHX = A 2 HX from which 
a 2 HX - u(HX)U = A 2 HX. 

Since we have A = Constant from the equation (3.5) and D X U = 0 , we have 
h (X, U) = u( HX) = 0 from the equation (3.10) thus we get (a 2 — A 2 )HX = 0, 
from which HX = 0 . Consequently D x f = 0. 



4 Invariant Submanifolds of a GF-Structure Manifold 


Let us suppose that M is an invariant submanifold immersed in a GF - structure manifold 

M , then (7j( i = 1,2 s) are zero vector fields and Consequently the equations (1.7) 

and (1.8) respectively written as follows : 

(4.1) FBX = BfX, 

(4.2) FN t = ZjAijNj, 

Where 

(4.3) 'Zk^'jk A-ki = 8ji 

That is , Zk^-jk 4» Zk^-jk 4 ki (t ^ 7). 

Also from the equations (1.8) and (1.12) , we get 

(4.4) /2 = a 2 1 , 
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(4.5) ifX.fY ) = -a 2 g(X ,Y) , X,Y e *(M). 

Hence M is a GF-structure manifold excepting the case where f is trivial . 

Lemma : 4.1. If M is an invariant submanifold of a GF-structure manifold M , the next 
equations, hold good 

(4.6 ) (P(BX ,BY) = <P(X,Y) 

(4.7) (D BZ (p)(BX , BY) =_CD z (p)(X, Y), X, Y, Z, e *(M). 

Where (p(X,Y) = G(FX,Y) 

4>(X,Y) = g<ifX,Y),X,Y e *(M) 

Proof: 0( BX , BY) = G(FBX , BY) = G(BfX ,BY) = g(fX,Y) = <f>(X,Y) 

Next (D BZ (p)(BX , BY) = D BZ (<p( BX , BY)) - 0( D bz BX, BY) — 0( BX, D bx BY) 

On the other Hand 

0( D bz BX, BY) = 0( BD Z X + Y.hi ( Z,X)N h BY) 

= G (FBD Z X + 'Zh i ( Z,X)FN U BY ) 

= G(BfD z X ,BY) 

= g{fD z X,Y)= <p(D z X , Y). 

Therefore 

(D bz 0)(5X , BY) = D Z ^(X , Y)) - 0( D Z X , Y) - (f){X , D Z Y) = 

(p z <f>XX,Y) 

Theorem (4.2) : Let M be a submanifold of a GF-structure manifold M . A necessary and 
sufficient condition for M to be invariant is that the induced structure ( f, g ) of M is a 
GF -structure whenever f is non-trivial . 

Proof : From the equations (4.1) , (4.2) , we have equations (4.4) and (4.5) which shows 
that M is a GF-structure manifold whenever / is non-trivial . 

Conversely , let us suppose that M with the induced structure ( /, g ) is a GF- 
structure manifold , then 
Since (X)Ui = 0 

Weha vcT li u i (X)g(U i ,X) = T li u i (X) 2 =0 
From which tq (X) = 0 .Hence M is invariant. 



Theorem 4.3 : In a submanifold M of a GF-structure manifold M , if the equations 


(i) FBX = a 2 BX ,FNi = -N t , 


(4.8) 


(ii) FBX = -cl 2 BX , FNi = N t , 

Are satisfied then M is totally geodesic . 

Proof: In the case (4.8) (i) , we have f = a 2 . Therefore from the equation ( 2.6) we get 
H t (X) = 0. Hence M is totally geodesic . 

Theorem (4.4) : In a submmanifold M of a GF- structure manifold M if the equations 
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( FBX = BX 

Ffy = -fy,(/ = 1,2, ...<?) 

l FN h = N h (/i = q + l s) 

(ii) 

( FBX = -BX 

FNi = Ni ,(l = 1,2, ... q) 

[FN h = -N h (h = q + 1 s) 

Are satisfied, then h t (X ,Y) = 0 , ( / = 1,2 ... q < s'). 
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